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Abstract
In this paper we give a topological characterization of ω-limit sets in hereditarily locally connected continua. Moreover, we
characterize also orbit-enclosing ω-limit sets in these spaces.
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1. Introduction
By a dynamical system we mean a pair (X,f ) where X is a compactum (i.e., a compact metric space) and f is
a continuous selfmap of X. The f -trajectory of a point x ∈ X is the sequence (f n(x))∞n=0, where f 0 is the identity
on X and f n+1 = f ◦ f n for any n 0. The ω-limit set of f at the point x, denoted by ωf (x), is the set of all limit
points of the trajectory of x. The system of all ω-limit sets of the system (X,f ) is denoted by ωf . Finally, by ωX we
denote the union of ωf over all continuous selfmaps f of X.
The topological characterization of the system ωX in the interval was given in [1] (see also [2]). It is proved there
that a nonempty subset M of the interval is an ω-limit set of some continuous selfmap of the interval if and only if it
is either a finite union of nondegenerate closed subintervals or a nowhere dense closed set. (Let us remark that using
this result one can obtain the folklore fact that a nonempty subset M of a zero-dimensional compactum X is in ωX if
and only if it is either a finite set or a Cantor set or a nowhere dense closed set.)
In [3] a topological characterization of ω-limit sets in the circle was given. This was recently generalized in [4]
where ωX is characterized for every graph X. (A graph is a continuum which can be written as the union of finitely
many arcs any two of which are either disjoint or intersect only in one or both of their end points. A continuum is a
nonempty connected compactum.) The characterization is as follows:
Theorem. (See [4].) Let X be a graph. Then a nonempty subset M of X is an ω-limit set of some continuous selfmap
of X if and only if M is
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• or a nowhere dense closed subset of X.
Hardly anything is known on the topological structure of ω-limit sets of continuous maps on more general one-
dimensional continua. However, in [5] the authors study, among others, ω-limit sets of homeomorphisms on dendrites
(i.e., on locally connected continua without circles). They proved that such an ω-limit set is either a finite set or a
Cantor set (see [5, Theorem 3.8]).
In the present paper we study ω-limit sets on a large class of one-dimensional continua which includes graphs and
dendrites (in particular, we reprove the above theorem and we get a characterization of ω-limit sets on dendrites).
Our main result is a characterization of the topological structure of ω-limit sets in any hereditarily locally connected
continuum X. Recall that a continuum X is hereditarily locally connected (shortly hlc) provided every subcontinuum
of X is locally connected. (Notice that any graph as well as any dendrite is a hlc continuum. For the theory of hlc
continua the reader is referred to [6,7] and [8].) A connected component D of a closed set M ⊆ X is said to be isolated
if it has a neighborhood containing no other point of M ; i.e., if D is a (relatively) clopen subset of M .
Theorem 1. Let X be a hereditarily locally connected continuum. Then a nonempty subset M of X is an ω-limit set
of some continuous selfmap of X if and only if M satisfies one of the following conditions:
• M is finite;
• M is a finite union of disjoint nondegenerate subcontinua of X;
• M is a nowhere dense closed subset of X having ℵ0 components such that either every isolated component of M
is degenerate or M has infinitely many nondegenerate components;
• M is a nowhere dense closed subset of X having uncountably many components.
Alternatively we can reformulate Theorem 1 in the following way which is more similar to the characterization of
ω-limit sets in graphs. (Notice that here we use the fact that a finite subset of a nondegenerate continuum is nowhere
dense.)
Theorem 1*. A nonempty subset M of a nondegenerate hereditarily locally connected continuum X is an ω-limit set
of some continuous selfmap of X if and only if M is
• either a finite union of disjoint nondegenerate subcontinua of X;
• or a nowhere dense closed subset of X not satisfying the following condition;
M has countably many components, only finitely many of which are nondegenerate and M has an isolated non-
degenerate component.
In special hlc continua called completely regular every nowhere dense closed subset is totally disconnected, hence
the characterization of ω-limit sets is analogous to that for graphs—see the following corollary. Recall that a con-
tinuum is completely regular if it contains no nondegenerate nowhere dense subcontinuum. Every completely regular
continuum is hlc [7, Theorem 50.IV.1]. Note that every graph is completely regular, but also for example the Gehman
dendrite (see, e.g., [8, Example 10.39]) and the Hawaiian earring (the wedge of an infinite null sequence of circles)
are completely regular continua.
Corollary 2. Let X be a nondegenerate completely regular continuum. Then a nonempty subset M of X is an ω-limit
set of some continuous selfmap of X if and only if M is
• either a finite union of disjoint nondegenerate subcontinua of X;
• or a nowhere dense closed subset of X.
Notice that the methods used to prove Theorem 1 do not allow us to extend this characterization to continua which
are not hlc since the methods are heavily based on the facts that every subcontinuum of the space is locally connected
and that the components of every subset form a null family [7, Theorem 50.IV.9]. (A family of subsets of a metric
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the characterization of ω-limit sets in locally connected continua which are not hlc must be much more difficult. For
example any such continuum contains two disjoint nondegenerate subcontinua, one of which is locally connected
(e.g., an arc) and the other is not; hence their union cannot be an ω-limit set. (Indeed, suppose than an ω-limit set
consists of two components one of which is locally connected. From the strong-invariantness of ω-limit sets—see,
e.g., Lemma 5(b)—it follows that each of the two components is a continuous image of the other one. Hence they both
are locally connected.) Another fact is that every continuum which is not hlc contains a convergence subcontinuum
[7, Theorem 50.IV.2]. Hence there are closed subsets the components of which do not form a null family. Such subsets
can be ω-limit sets. And finally we do not know whether for any (one-dimensional) locally connected continuum X
any continuous map f :M → M defined on a closed subset M of X can be extended to a continuous map F :X → X
(see Proposition 11 for the special case when X is hlc).
Another natural problem concerning ω-limit sets is the topological characterization of orbit-enclosing ω-limit sets
of dynamical systems on a given compactum, i.e., sets M ⊆ X for which there is a dynamical system f on X and a
point x of M such that M = ωf (x). Since ω-limit sets of f are f -invariant, the restriction of f to M is (topologically)
transitive (i.e., for any nonempty open subsets U,V of M there is n ∈ N such that f n(U) intersects V ). Hence any
orbit-enclosing ω-limit set admits a transitive system. And vice versa: if X is a hlc continuum and a closed subset M
of X admits a transitive system, then M is an orbit-enclosing ω-limit set of a system on X; simply we can take any
continuous extension of the transitive system to the whole space X which exists due to Proposition 11.
To characterize subsets M of a hlc continuum admitting a transitive system we use two facts. The first is that
every finite union of disjoint nondegenerate Peano continua in Rn admits a transitive system [9, Theorem 2] and
the second is the main result of [10] stating that every cantoroid (a compactum with no isolated point and with
degenerate components forming a dense subset) admits even a minimal system. The characterization we obtain is the
following
Theorem 3. Let X be a hereditarily locally connected continuum and let M be a nonempty closed subset of X. Then
the following are equivalent:
(a) M is an orbit-enclosing ω-limit set of a dynamical system on X;
(b) M admits a transitive system;
(c) M is
• either a finite set,
• or a finite union of disjoint nondegenerate subcontinua of X,
• or a nowhere dense cantoroid in X.
Note that there are many other interesting questions concerning ω-limit sets not considered in this paper. One of
them is a topological characterization of ω-limit sets of systems in the unit square ([11], see also [12]). For some
results and interesting examples concerning ω-limit sets in the square see, e.g., [11,9,13–20,12,21].
Let us recall also the problem concerning “universal” maps, i.e., maps on a given space having as its ω-limit sets
homeomorphic copies of all ω-limit sets of all dynamical systems on the space. Concerning this problem see, e.g.,
[22,23,3,12].
Another question is for what compacta X the space ωf of ω-limit sets of a system f on X endowed with the
Hausdorff metric is compact. For the unit interval this was shown in [24] and for the circle in [3]. Recently in [25] the
authors showed that ωf is compact for any dynamical system f on any graph X. Unfortunately, this cannot be further
generalized to hlc continua X since by [26] there is a dynamical system f on a dendrite such that the union of ω-limit
sets is not closed, hence ωf is not complete. (See also [27] for the case when X is the unit square.)
The structure of this paper is as follows. In the next section we introduce some notations and we recall the necessary
definitions and basic properties of ω-limit sets. Section 3 deals with the existence of continuous surjections between
special classes of compacta. We also give a generalization of the extension lemma from [28] to hlc continua. In
Section 4 we state some sufficient conditions under which a countable union of nowhere dense ω-limit sets in a
compact metric space is again an ω-limit set. In the final Section 5 we give the proofs of Theorems 1 and 3.
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In this section we adopt some terminology and notation which will be used later.
A compactum is any compact metric space. By Br(x) we denote the open ball with the center x and radius r . If M
is a subset of X we denote its interior by int(M), its closure by M and its boundary M \ int(M) by ∂M .
Let X be a compactum. An arc in X is any subset A of X homeomorphic to the unit interval [0,1]; the home-
omorphic images of 0 and 1 are called end points of A. A simple closed curve is any space homeomorphic to the
circle. A continuum is a nonempty connected compactum. A Peano continuum is any locally connected continuum,
or, equivalently, a continuous image of the interval. A compactum is hereditarily locally connected (shortly hlc) if
every subcontinuum of it is locally connected. Note that
• any graph (a continuum which can be written as the union of finitely many arcs any two of which are either
disjoint or intersect only in one or both of their end points),
• any tree (a graph containing no simple closed curve),
• any dendrite (a locally connected continuum containing no simple closed curve),
• any local dendrite (a continuum every point of which has a neighborhood such that its closure is a dendrite)
• and any completely regular continuum (a continuum containing no nondegenerate nowhere dense subcontinuum)
are hereditarily locally connected.
A nonempty closed subset M of a compactum X is called a retract of X if there is a continuous map r :X → M
such that r(x) = x for every x ∈ M . A compactum X is called an absolute retract if whenever X is embedded as a
closed subset X′ of a compactum Y then X′ is a retract of Y .
Let X,Y be two compacta. We will write X 	 Y or Y ≺ X if there is a continuous surjection f :X → Y .
Let X be a compactum. Then X has dimension zero if every point of X has arbitrarily small neighborhood with
empty boundary. A compactum X has dimension zero if and only if it is totally disconnected, i.e., if every component
of X is a singleton.
Let X be a metric space. A system M of subsets of X is called to be a null system if for every ε > 0 only finitely
many members of M have diameter greater than ε. Let D =DX denote the system of all components of X. If X is
compact then D is an upper semicontinuous decomposition of X [7, Theorem 47.VI.1] and hence X/D is a (totally
disconnected) compactum.
The following lemma can be found, e.g., in [7, Theorem 50.IV.9]:
Lemma 4. Let X be a hlc compactum and let M be a subset of X. Then DM is a null system; i.e., for every ε > 0 only
finitely many components of M have diameter greater than ε.
Denote by π = πX the natural projection of X onto X/D. Note that if a component C of X is isolated (i.e., if C is
clopen in X), then π(C) is an isolated point of X/D.
A dynamical system is any pair (X,f ) where X is a compactum and f : X → X is a continuous map. The f -
trajectory of a point x ∈ X is the sequence (f n(x))∞n=0, where f 0 is the identity on X and f n+1 = f ◦ f n for any
n 0. The ω-limit set of f at the point x, denoted by ωf (x), is the set of all limit points of the trajectory of x. The
system of all ω-limit sets of the system (X,f ) is denoted by ωf . Finally, by ωX we denote the union of ωf over all
continuous selfmaps f of X. I.e., we have
ωX =
{
M ⊆ X: M = ωf (x) for some f ∈ C(X) and x ∈ X
}
.
A subset M of X is an orbit-enclosing ω-limit set if there is a continuous selfmap f of X and a point x in the set M
such that M = ωf (x).
For a compactum X let C˜(X) denote the space of all continuous selfmaps of all nonempty closed sets Y of X. We
denote by WX the system of all ω-limit sets of all f ∈ C˜(X); i.e.,
WX =
⋃{
ωf : f ∈ C˜(X)
}=⋃{ωY : Y = ∅ is a closed subset of X}.
It is immediate that a set M belongs to WX if and only if there is a sequence x = (xn)n∈N (where N = {1,2, . . .} is
the set of positive integers) in X such that M is equal to the set x′ of all limit points of x and the map defined by
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→ xn+1 (n ∈ N) is uniformly continuous. In this case the map xn → xn+1 (n 0) can be continuously extended to
the selfmap fx of the set Mx = M ∪ {xn: n 0}. Moreover, if M is infinite every such sequence x is one-to-one.
Immediately from the definition we have that ωX ⊆ WX . The equality
ωX = WX (2.1)
holds provided X is a hereditarily locally connected continuum by Proposition 11. Note that (2.1) holds also for any
absolute retract X (since absolute retracts have even the absolute extension property) and for any zero-dimensional
compactum X (due to the fact that any nonempty closed subset of X is a retract of X). Nevertheless, WX can be much
larger than ωX . If X is a nondegenerate rigid continuum (i.e., a continuum the only continuous selfmaps of which are
identity and constant maps; see, e.g., [29]), then ωX consists only of singleton subsets of X. On the other hand, WX
contains, e.g., every totally disconnected closed subset of X.
Some of the basic properties of the sets from WX on a compactum X are summarized in the next lemma saying
that ω-limit sets are strongly invariant and weakly incompressible. The proof can be found, e.g., in [30, Lemmas IV.2
and IV.3].
Lemma 5. Let X be a compactum and let M ∈ ωf for some f ∈ C˜(X). Then the following hold:
(a) M is nonempty, closed and strongly f -invariant (i.e., f (M) = M).
(b) f (M \ F)∩ F = ∅ for any nonempty closed proper subset F of M .
(c) f (U) ⊆ U for any nonempty (relatively) clopen set U  M .
For any x ∈ X let WX,x be the subsystem of WX consisting of those subsets of X for which there is f ∈ C˜(X) such
that M ∈ ωf and f (x) = x. We also define
HWX =
⋃
x∈X
HWX,x,
where HWX,x is the system of all nonempty closed subsets M of X such that there are a map f ∈ C˜(X) and
a nonempty (relatively) clopen subset U of M not containing x such that M ∈ ωf and f (U) = f (x) = x. So
HWX,x ⊆ WX,x for every x ∈ X and HWX ⊆ WX . Note that any M ∈ HWX has infinitely many components by
Lemma 5(c) and so (provided X is locally connected) it is nowhere dense by Proposition 22.
3. Continuous images and extension lemmas
In this section we prove lemmas stating some sufficient conditions for compacta X,Y ensuring that X can be
continuously mapped onto Y . We also state some sufficient conditions for existence of a continuous extension of a map
defined on a closed subset of the space to the whole space. We believe that all these results are known. Unfortunately
for some of them we are not able to find references in the literature hence we decided to include their proofs into the
paper.
We start with the definition of the depth and the kernel of countable compacta. Let X be a nonempty countable
compactum and let Ω denote the first uncountable ordinal. For every countable ordinal α <Ω we define the set X(α)
by induction as follows:
• X(0) = X,
• X(α+1) is the set of all limit points of X(α),
• X(α) =⋂β<α X(β) if α is a limit ordinal.
The smallest α such that X(α) is finite (such an α <Ω always exists, which can be proved using the Baire Category
Theorem) is called the depth of X and is denoted by αX . The (nonempty finite) set X(αX) is called the kernel of X and
is denoted by KerX . Moreover, for any x ∈ X we define the depth of x, denoted by αX(x), to be the smallest ordinal
α for which x /∈ X(α+1). Obviously αX(x) αX for any x ∈ X and αX(x) = αX if and only if x ∈ KerX .
Let X be a nonempty compactum with countably many components and let π = πX be the natural projection of X
onto the (countable) factor space X/DX obtained by collapsing the components of X into points. The depth of the set
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by KerπX = π−1(Kerπ(X)). And, finally, the component depth of a point x ∈ X, denoted by απX(x), is the depth of the
point π(x) in π(X). Again KerπX is the union of all points x ∈ X such that απX(x) = απX .
From [31] using the fact that any nonempty closed subset of a zero-dimensional compact space is a retract of the
space (see, e.g., [32, 6.2.B]) we can obtain the following (see also [2, Lemma 6]).
Lemma 6. Let X, X′ be countable compacta. Then X 	 X′ if and only if either αX > αX′ or αX = αX′ and |KerX |
|KerX′ |.
Lemma 7. If X, X′ are compacta and X has uncountably many components, then X 	 X′.
Proof. The space X can be continuously mapped (by the projection πX) onto an uncountable totally disconnected
compactum X/DX , which can be continuously mapped onto a Cantor subset (by a retract mapping). Since any com-
pactum is a continuous image of a Cantor space (see, e.g., [8, Theorem 7.7]), the proposition follows. 
For the following lemma see, e.g., [8, Theorem 8.19].
Lemma 8. Let X, X′ be nondegenerate Peano continua. Then X 	 X′.
Consider compacta X satisfying the following condition:
X is a compactum with ℵ0 components just one of which is nondegenerate;
this nondegenerate component D = DX is a Peano continuum and D = KerπX .
(3.1)
In the next lemma we give a sufficient condition for X 	 X′, where X,X′ satisfy (3.1). This will be used in the proof
of Proposition 25.
Lemma 9. Let X, X′ be two compacta satisfying (3.1) and let D, D′ be their only nondegenerate components. Let the
following hold:
(a) απX  απX′ and(b) either ∂D is uncountable or ∂D 	 ∂D′.
Then X 	 X′.
Before proving this lemma we show the following
Lemma 10. Let X be a compactum, let Y be a Peano continuum and let M ⊆ X be a totally disconnected closed set.
Then every continuous map f :M → Y can be extended to a continuous map F :X → Y defined on X. Moreover, if
X \M is uncountable then there is a surjective extension F .
Proof. Let M be a totally disconnected closed subset of X and let f :M → Y be continuous. Take a homeomorphism
h :M → N of M onto a subset N of the unit interval I . Let G : I → Y be a continuous extension of f ◦ h−1 :N → Y
(such an extension exists, e.g., by [8, 8.38]). Now put F = G ◦ H , where H :X → I is a continuous extension of h
(obtained, e.g., by Tietze extension theorem). Then F :X → Y is continuous and it extends f since for any x ∈ M we
have F(x) = G(H(x)) = G(h(x)) = f ◦ h−1(h(x)) = f (x).
So we have proved that for any totally disconnected closed M ⊆ X any continuous map f :M → Y can be con-
tinuously extended to a map F :X → Y . Assume now that X \ M is uncountable; we want to show that there is a
surjective extension F of f . Find a Cantor subset C of X \ M , put M˜ = M ∪ C and take a continuous f˜ : M˜ → Y
such that f˜ |M = f and f˜ |C :C → Y is surjective. Since M˜ is a totally disconnected closed subset of X f˜ can be
continuously extended to F :X → Y . Trivially F is surjective. 
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D onto D′ such that f (∂D) ⊇ ∂D′. Indeed, if ∂D is uncountable then it contains a Cantor subset C which can be
continuously mapped onto D′. By Lemma 10 we can extend this map to a map f :D → D′. Otherwise ∂D is countable
and by Lemma 6 there is a continuous surjective map from ∂D onto ∂D′. Again by Lemma 10 (realize that D \ ∂D is
uncountable) this map can be extended to a surjection f :D → D′.
Since X′ \ D′ is totally disconnected and D′ = Kerπ
X′ , we can construct a clopen decomposition {U ′i : i ∈ N} of
X′ \D′ such that diamU ′i → 0 and dist(U ′i ,D′) → 0 for i → ∞. Moreover, we can assume that every U ′i has singleton
kernel (note that every U ′i is countable). Analogously we can decompose X \D into {Ui : i ∈ N}. Since απX  απX′ , we
can find such a decomposition satisfying
αUj  αU ′i for every j  i.
(This follows from the fact that for any ordinal α < απX we can write X \D as a disjoint union of clopen (countable)
sets with depth greater than or equal to α.)
Now using these decompositions we continuously extend f to a surjection of X onto X′ as follows: Take any i ∈ N
and let x′i ∈ ∂D′ be such that dist(x′i ,U ′i ) = dist(∂D′,U ′i ). Fix any xi ∈ ∂D such that f (xi) = x′i . Let ji  i be such
that dist(xi,Uji ) < 1i and diamUji <
1
i
. We can assume that ji ’s (i ∈ N) are pairwise different. Since Uji 	 U ′i by
Lemma 6, there is a continuous surjection fji :Uji → U ′i . For j /∈ {ji : i ∈ N} define fj :Uj → X′ simply by fj (x) =
f (yj ) for every x ∈ Uj , where yj ∈ ∂D is such that dist(yj ,Uj ) = dist(∂D,Uj ). Now we can extend f :D → D′ to
a map F :X → X′ by
F |D = f and F |Uj = fj for every j ∈ N.
This map F is a surjection by the construction of f and fji ’s. Moreover, F is continuous since f is continuous, every
fj is continuous and dist(∂D′,U ′i ) → 0 for i → ∞. Hence X 	 X′. 
The rest of this section deals with the existence of continuous extensions of maps defined on a closed subset of
a hereditarily locally connected continuum with values in a Peano continuum. The main result, which generalizes
Extension lemma from [28], is formulated in Proposition 11. From this we immediately obtain that the system ωX of
all ω-limit sets of all continuous selfmaps of X coincides with the system WX for every hlc continuum X.
Proposition 11. Let X be a hereditarily locally connected continuum and let Y be a Peano continuum. Then any
continuous map f :M → Y defined on a closed subset M of X can be extended to a continuous map F :X → Y
defined on X.
The proof of this proposition is based on the construction of Martin and Tymchatyn from [33]. In fact they showed
the following result (recall that a local tree is any topological space such that every its point has a neighborhood the
closure of which is a tree):
Lemma 12. (See [33].) Let X be a Peano continuum and let M be a nonempty closed subset of X. Then there is a
Peano subcontinuum X′ of X containing M such that
(a) Every component C of X′ \M is a local tree which can be written as the union of arcs Ai (i ∈ N) such that
diamAi → 0, dist(Ai,M) → 0 and
Ai+1 ∩ (A1 ∪A2 ∪ · · · ∪Ai) is an end point of Ai+1 for every i.
(b) Every sequence of pairwise disjoint arcs in X′ \M is null. Hence the components of X′ \M form a null system.
In the following we shortly repeat the above mentioned construction. Let X be a Peano continuum, let M be
a nonempty closed subset of X. Recall that (following Bing) we say that V is a partitioning of X if it is a finite
collection of pairwise disjoint connected open subsets of X such that ⋃V is dense in X. If moreover for ε > 0 the
mesh of V (i.e., maxV∈V diamV ) is less than ε we say that V is an ε-partitioning. By [34] every Peano continuum
has a decreasing sequence of partitionings; so there is a sequence (Vk)∞k=1 of 1/k-partitionings of X such that Vk+1
refines Vk for every k.
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M ⊆⋃Uk for every k. We index the members of every Uk by k-tuples of positive integers. Let k  1; by a k-tuple we
mean any point of Nk . For convenience define also ∅ to be the only 0-tuple. We define concatenation αβ of a k-tuple
α and an l-tuple β (k, l  0) in a natural way. Hence, e.g., the concatenation of the 0-tuple and an arbitrary k-tuple
β equals β and the concatenation of a k-tuple and an integer is a (k + 1)-tuple. For a k-tuple α we define its length
|α| = k.
We index the members of Uk (k  1) by k-tuples in such a way that
Uk = {Uα: α ∈ Σk},
where every Σk ⊆ Nk (k  1) is a set of k-tuples of positive integers such that
Σ1 = {1,2, . . . ,m∅} and Σk =
{
α = βi: β ∈ Σk−1, i ∈ {1,2, . . . ,mβ}
}
for every k > 1
(here m∅ and mβ ’s are some positive integers) and for every k > 1 and every βi ∈ Σk it holds that
Uβi ⊆ Uβ.
For convenience define Σ0 = {∅}.
Put U∅ = X and let A∅ be an arc in X. Assume that for some k  0 we have defined Aα for every |α|  k. Take
any β ∈ Σk . Define inductively Aβi for i = 1,2, . . . ,mβ as follows:
• put Aβi = ∅ if Uβi intersects Tβi ,
• otherwise let Aβi be an arc in Uβ intersecting Uβi such that Aβi ∩ Tβi is an end point of Aβi ;
here Tβi is the union of all Aα (|α| k) and all Aβj (1 j < i).
Define
X′ = M ∪
⋃
k0
Tk, where Tk =
⋃
|α|k
Aα for every k  0.
It is not hard to see that X′ satisfies the properties from Lemma 12 (see [33]).
Now we show two simple results formulated in Lemmas 13 and 14. Then we prove Proposition 11.
Lemma 13. Let X = (X,d) be a Peano continuum. Then for every ε > 0 there is δ = δ(ε) > 0 such that for any subset
M ⊆ X with diamM  δ there is a Peano subcontinuum N of X containing M with diamN  ε.
Proof. Let X be a Peano continuum, let d be a metric on X and let ε > 0. We can assume that M is nonempty; let x
be a point of M . Since X is uniformly locally arcwise connected (see, e.g., [8, 8.30]), there is δ > 0 such that for any
y = x with d(x, y) < δ there is an arc Ay from x to y with diamA ε/6. Put also Ax = {x}. Then the union O of all
Ay , y ∈ M is a connected set of diameter at most ε/3.
By, e.g., [8, Theorem 8.10] we can write X as the union X1∪· · ·∪Xk of Peano subcontinua such that diamXi  ε/3
for every i = 1, . . . , k. Then the union N of all Xi ’s intersecting O is a closed, connected (since O is connected) and
locally connected (being a union of finitely many locally connected sets) subset of X. Moreover, N ⊇ O ⊇ M and
diamN  ε. The proof is finished. 
Lemma 14. Let X, Y be compacta. Let M ⊆ X be closed and let (Xj )j be a null system of closed subsets of X such
that
(a) X = M ∪⋃j Xj ,
(b) Xj ∩M = ∅ for every j ,
(c) Xj ∩Xj ′ ⊆ M for every j = j ′.
Let f :M → Y be a continuous map and let (Fj )j be a system of continuous maps Fj :Xj → Y such that (Fj (Xj ))j
is a null system and Fj (x) = f (x) for every x ∈ Xj ∩M and every j . Then the map
F :X → Y defined by F |M = f and F |Xj = Fj for every j,
is continuous.
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immediate. Analogously if x is a point from X \ M since this set is disjoint union of open sets Xj \ M (openness of
the sets Xj \ M follows from (b), (c) and the fact that (Xj )j is null). So it suffices to show that F is continuous at
every x from the boundary of M .
To do this take any x ∈ ∂M and any sequence (xk)k from X converging to x. We may assume that one of the
following three cases happens:
(i) xk ∈ M for every k;
(ii) there is j such that xk ∈ Xj for every k;
(iii) there is a one-to-one sequence (jk)k such that xk ∈ Xjk .
Trivially F(xk) → F(x) in cases (i) and (ii). Assume that (iii) holds. For every k take any x′k ∈ Xjk ∩M . Since (Xj )j
is null we have that x′k → x and so F(x′k) → F(x). And since (F (Xj ))j is null we have that the distances of F(xk)
and F(x′k) tend to zero. Hence F(xk) → F(x). 
Proof of Proposition 11. Let X be a hlc continuum, let Y be a Peano continuum and let f :M → Y be a continuous
map defined on a nonempty closed subset M of X.
First assume that C = X \M is connected and we can write it as a countable union C =⋃i∈NAi of arcs Ai (i ∈ N)
such that
diamAi → 0, dist(Ai,M) → 0 for i → ∞, (3.2)
and for every i > 1 the intersection of Ai and A1 ∪ · · · ∪ Ai−1 is an end point pi of Ai . Notice that by (3.2) and the
fact that An ∩M = ∅ every An contains only finitely many points pi .
For every i > 1 take p′i ∈ M such that d(pi,p′i ) → 0 for i → ∞; put qi = f (p′i ). Since X′ is a Peano continuum
there is a null sequence (Yn)n∈N of Peano subcontinua of Y such that every Yn contains qi whenever pi ∈ An. (In-
deed, we can construct the sets Yn as follows: Put Mn = {p′i : pi ∈ An}; this is a finite set for every n. Realize that
diamf (Mn) → 0. Now construct the sets Yn ⊇ f (Mn) using Lemma 13.) For every n define Fn :An → Yn in such a
way that Fn(pi) = qi for every i such that pi ∈ An; the existence of such a map is a consequence of [8, Theorem 8.19]
since An,Yn are Peano continua and An contains only finitely many pi ’s.
The map F :X → Y defined by F |M = f , F |An = Fn (n ∈ N) is well defined. It is trivially continuous at every
point of int(M) and at every point of the arcs An (n ∈ N). Take any x ∈ ∂M and a sequence (xk)k∈N of points from C
converging to x. To prove the continuity of F at x it suffices to show that limk→∞ F(xk) = F(x) for every such (xk)k .
Let nk be the smallest integer such that xk ∈ Ank ; trivially nk → ∞. So using (3.2) and the fact that pnk ∈ Ank we
obtain that pnk → x. Hence p′nk → x and qnk = f (p′nk ) → f (x). Since F(xk) ∈ Ynk , qnk ∈ Ynk and diamYnk → 0, we
have that d(F (xk), qnk ) → 0, so F(xk) → f (x) = F(x).
In the general case let X′ be the Peano subcontinuum from Lemma 12 for M . The set X′ \M has (at most countably
many) components C1,C2, . . . , which form a null sequence by Lemma 12(b). Put Xi = Ci for every i. Since Ci is
connected and X is hlc, every Xi is a Peano continuum.
Let f :M → Y be a continuous map. Using uniform continuity of f , Lemma 13 and the fact that the system
X1,X2, . . . is null we obtain that there is a null system Y1, Y2, . . . of Peano subcontinua of Y such that Yi ⊇ f (M∩Xi).
Applying the first case of the proof to the space Xi and the set M ∩Xi—see Lemma 12(a)—we obtain that the restric-
tion fi : (M ∩ Xi) → Yi of f onto M ∩ Xi can be extended to a continuous map Fi :Xi → Yi . The map F :X′ → Y
defined by F |M = f and F |Xi = Fi for every i is well defined. So by Lemma 14 F is continuous.
Since X is a one-dimensional continuum and X′ is a locally connected subcontinuum of X, X′ is a retract of X (see,
e.g., [35, p. 174]). I.e., there is a continuous map r :X → X′ such that r is identity on X′. Then G = F ◦ r :X → Y
is continuous and G(x) = F(r(x)) = F(x) = f (x) for every x ∈ M , hence G is a continuous extension of f defined
on X. 
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4. Glue lemmas for nowhere dense ω-limit sets
In this section we first restate Theorems 10 and 7 of [11] for general compacta. In fact, the proofs of these gen-
eralizations are almost the same as the proofs from [11]. We decided to include them in order to make the paper
self-contained.
Lemma 15. (See [11].) Let X be a compactum. Let (Pk)∞k=1 be a sequence of disjoint nonempty nowhere dense closed
subsets of X converging to a point p /∈⋃k Pk and such that Pk+1 	 Pk for every k  1. Then
M = {p} ∪
⋃
k
Pk ∈ HWX,p.
Proof. Let P1,P2, . . . be a sequence of disjoint nonempty nowhere dense closed subsets of X converging to a point
p /∈⋃k Pk such that Pk+1 	 Pk for every k. Put M = {p}∪⋃k Pk . Since Pk’s are nowhere dense, there is a one-to-one
sequence (pk)k of points from X \M converging to p. Take a sequence (Uk)k of disjoint open subsets Uk ⊇ Pk of X
such that their closures tend to {p} and p,pk /∈ Uk′ for every k, k′.
Let V be a countable base for M \ {p} such that every V ∈ V is a nonempty subset of some Pk . For every V ∈ V
there is an open subset W = WV of X such that WV ⊆ Uk for some k and such that V = WV ∩ (M \ {p}). Put
W = {WV : V ∈ V}. Well orderW by ω = {1,2,3, . . .}.
Take a continuous map g :M → M such that g(Pk+1) = Pk for every k  1, g(P1) = {p} and g(p) = p. Put n1 = 1
and nk+1 = nk + (k + 1) for every k  1.
For k = 1 let W1 be the first member ofW intersecting P1. Put x1 = p1 and take arbitrary x2 ∈ W1 \M .
Let k > 1 and assume that we have defined W1,W2, . . . ,Wk−1, x1, x2, . . . , xnk−1. Let Wk be the first member
of W \ {W1, . . . ,Wk−1} intersecting ⋃k−1i=1 Pi . Let 1  jk < k be such that Wk ⊆ Ujk . Take y1, . . . , yk such that
yi ∈ Pi for every i, g(yi+1) = yi for every i > 1 and yjk ∈ Wk . Put xnk = pk and for m = 1,2, . . . , k take xnk+m ∈
Uk−m+1 \ (M ∪ {x1, . . . , xnk−1}) such that
|xnk+m − yk−m+1| <
1
2k
and xnk+k+1−jk ∈ Wk
(so xnk = pk , xnk+1 ∈ Uk , xnk+2 ∈ Uk−1, . . . , xnk+k ∈ U1).
Trivially (xt )∞t=1 is a one-to-one sequence of points from X \ M the cluster set of which is M . Let (xti )i be a
subsequence of (xt )t such that xti → x and xti+1 → y for i → ∞. Then at least one of the following four cases
occurs:
(a) there is k > 1 such that xti ∈ Uk for infinitely many i’s;
(b) xti ∈ U1 for infinitely many i’s;
(c) for infinitely many k’s there is i such that xti ∈ Uk ;
(d) xti ∈ {p1,p2, . . .} for infinitely many i’s.
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y = p, so y = g(x). In the case (c) we have x = y = p, so again y = g(x). Finally in the case (d) we have x = p and
also y = p since if t = nk (hence xt = pk), then xt+1 ∈ Uk . So y = g(x). Thus we have proved that M = ωf (x1),
where f is a continuous map defined by:
f (x) =
{
xt+1, if x = xt for some t  1,
g(x), if x ∈ M .
The proof is finished. 
Lemma 16. (See [11].) Let X be a compactum and let D be a nonempty nowhere dense connected closed subset of
X. Then D ∈ WX . Moreover, there is f ∈ C˜(X) which is equal to identity on D and is such that D ∈ ωf .
Proof. Using the fact that D is connected and compact we can easily construct a sequence (Un)n of open sets in X
intersecting D such that
(1) diamUn → 0 for n → ∞ (i.e., (Un)n is a null sequence),
(2) Un ∩Un+1 = ∅ for every n and
(3) there are integers n1 = 0 < n2 < n3 < · · · satisfying D ⊆⋃nk+1n=nk+1 Un for every k.
We can do this, e.g., as follows: Let (Vm)m be a null sequence of open sets in X intersecting D such that (Vm ∩D)m
forms a base for the relative topology on D. Put m1 = 1 and for n = 1,2, . . . define inductively mn+1 to be the first
integer m different from m1, . . . ,mn such that Vm intersects Vmn . Then {mn: n ∈ N} = N by connectedness of D.
Put Un = Vmn (n ∈ N). The property (3) follows from compactness of D and the fact that for every l the system
{Un: n l} covers D.
Since D is nowhere dense there is a one-to-one sequence x = (xn)n such that xn ∈ Un \ M . Now M = x′ (the set
of limit points of x) by (1) and (3). Moreover, |xn+1 − xn| → 0 for n → ∞ by (1) and (2). Hence the map defined by
xn → xn+1 (n ∈ N) is uniformly continuous and its extension fx to M ∪ {xn: n ∈ N} is identity on M . 
In the rest of this section we focus to the following problem:
Under which conditions for a given countable system (Pk)k∈K (K⊆ N) of nowhere dense sets from WX it holds that
M =
⋃
k∈K
Pk ∈ WX? (4.1)
Of course this is not true for arbitrary (Pk)k∈K. Immediately M must be closed. Also some necessary conditions
concerning special cases can be formulated, like the following one: If K is finite and Pk’s are connected and pairwise
disjoint, we must be able to enumerate K into k1, k2, . . . , kl such that Pk1 	 Pk2 	 · · · 	 Pkl 	 Pk1 .
On the other hand there are some sufficient conditions. One such dealing with unions of two ω-limit sets is stated in
[11, Theorem 13]. Here we present three other conditions sufficient for (4.1) formulated as Glue Lemmas 1, 2 and 3,
one of which deals with finite unions and the other two with countable unions.
Though the proofs are a bit technical, their common idea is very simple. All we need in order to show (4.1) is to find
a sequence y = (yn)n∈N of distinct points of X such that the union M =⋃k Pk is its cluster set y′ and the map defined
by yn → yn+1 (n ∈ N) is uniformly continuous; then we immediately obtain M = ωfy(y1) (this was done also in the
proof of Lemma 15). To find such y we take appropriate sequences xk = (xkn)n∈N (k ∈ K) for which Pk = ωxk (xk1 ).
Since every Pk is nowhere dense and K is countable, we may assume that every xkn does not belong to M and that
xkn = xk′n′ if and only if k = k′ and n = n′. (This follows from the facts that M =
⋃
k Pk is of first category and that we
can replace xk by an equivalent sequence.) Now we split every xk into (infinitely many) finite nonempty blocks
xk = (xk1, xk2, xk3, . . .).
(We will denote the first member of a block xki by begin(xki ) and the last one by end(xki ).) Finally we combine all the
blocks xki (k ∈K, i  1) into a sequence y keeping the ordering of blocks (i.e., the block xki+1 is in y behind the block
xk for every i, k).i
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this, e.g., by requiring that
every member of xk is in a 1
k
-neighborhood of Pk. (4.2)
What remains to show is that the map defined by yn → yn+1 (n ∈ N) is uniformly continuous, or, equivalently, that
for any increasing sequence (ni)i∈N of integers such that
yni → a, yni+1 → b for i → ∞, (4.3)
b is a function of a. This is possible only if we are able to choose xk’s such that fxk and fxk′ agree on the intersection
of Pk and Pk′ for every k, k′ ∈ K. This will be enabled by conditions on Pk’s: in Glue Lemma 1 we require that
Pk ∈ WX,xk and D is connected and in Glue Lemmas 2 and 3 the sets Pk are pairwise disjoint.
When having this we distinguish three cases:
(i) there is k ∈K such that for infinitely many i’s yni , yni+1 are (consecutive) members of a block of xk ;
(ii) there are different k, k′ ∈ K such that for infinitely many i’s yni is the end of a block from xk and yni+1 is the
beginning of a block from xk′ ;
(iii) (can occur only if K is infinite) for infinitely many k ∈K there is i ∈ N such that either yni is the end or yni+1 is
the beginning of a block from xk .
(Notice that at least one of these three cases always occurs.) In the case (i) we trivially have b = fxk (a). The fact
whether in the cases (ii) and (iii) b is a function of a depends on the way how we made the splitting of the sequences
xk (x ∈K). This is the key point of the proofs of the three Glue lemmas.
Lemma 17 (Glue Lemma 1). Let X be a compactum, let D ⊆ X be a connected nowhere dense closed nonempty
subset of X and let (Pk)k∈K be a countable null system of nowhere dense subsets of X. Assume that for any k ∈K it
holds that
(a) Pk ∩D is a singleton {xk},
(b) Pk ∈ WX,xk ,
(c) Pk ∩ Pl ⊆ D for every l ∈K, l = k.
Then
M = D ∪
⋃
k∈K
Pk ∈ WX.
Moreover, if Pk ∈ HWX,xk for some k ∈K, then M ∈ HWX .
Proof. If K is empty the assertion follows from Lemma 16, so we may assume that K⊆ N is nonempty. To make the
notation easier we put P0 = D and K0 =K ∪ {0}.
Let (pl)l∈N be a sequence of members of K containing every k ∈ K infinitely many times. For every l ∈ N let il
be the number of occurrences of pl in p1,p2, . . . , pl ; i.e., il = |{j : 1 j  l, pj = pl}|. Notice that for any k ∈K it
holds that: if {l ∈ N: pl = k} = {l1 < l2 < · · ·} then il1 = 1, il2 = 2, . . . .
Take disjoint one-to-one sequences xk = (xkn)n∈N (k ∈K0) of points from X \M such that (4.2) holds and
Pk = ωf
xk
(
xk1
)
for every k ∈K0, fx0 |D = idD and fxk (xk) = xk for every k ∈K.
Moreover, we can assume that the distance of xk1 from xk is less than 1 for every k ∈K. Split every xk , k ∈K0, into
finite nonempty blocks
xk = (xk1,xk2,xk3, . . .)
in such a way that for every k ∈K and every i  1 the following hold:
(1) the distance of both begin(xki ) and end(xki ) from xk is less than 1i ,
(2) the distance of both end(x0) and begin(x0 ) from xpi is less than 1 .i i+1 i
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Now define a sequence y by
y = (x01,xp1i1 ,x02,xp2i2 ,x03,xp3i3 , . . .
)
.
According to what was said before the statement of Glue Lemma 1 it suffices to show that in (4.3) b is a function
of a in the cases (ii) and (iii). In the case (ii) one of k, k′ equals zero and the other is in K; assume that k′ = 0 (the
case k = 0 is similar). Then a = xk by (1) and b = xk by (2). In the case (iii), occurring only for infinite K, we have
a, b ∈ D by (4.2) and the facts that diamPk → 0 and dist(Pk,D) → 0 for k → ∞. Hence a = b by the choice of xk’s.
So M ∈ ωf where f ∈ C˜(X) is such that f |Pk = fxk |Pk for every k ∈K0.
Moreover, if Pk ∈ HWX,xk for some k ∈ K we can take xk such that for a (relatively) clopen subset U of Pk not
containing xk it holds that fxk (Uk) = fxk (xk) = xk . From (a), (c) and the fact that (Pk)k∈K is null we have that U
is clopen in M . The previous construction now gives f ∈ C˜(X) such that M ∈ ωf and f (U) = f (xk) = xk ; i.e.,
M ∈ HWX,xk . 
Lemma 18 (Glue Lemma 2). Let X be a compactum and let P1, . . . ,Pk0 be a finite system of disjoint nowhere dense
sets from HWX . Then
M = P1 ∪ · · · ∪ Pk0 ∈ HWX.
Proof. Put K = {1,2, . . . , k0}. If k0 = 1 there is nothing to prove. So assume that k0  2. Let xk (k ∈K) be disjoint
one-to-one sequences from X \M such that for every k ∈K
Pk ∈ ωf
xk
and fxk (Uk) = fxk (xk) = xk,
where xk ∈ Pk and Uk = ∅ is a (relatively) clopen subset of Pk not containing xk . For k ∈ K take εk > 0 such that
every x ∈ Pk with dist(x,Uk) εk belongs to Uk .
Split every xk into (xk1,x
k
2,x
k
3, . . .) in such a way that for every k ∈K and every i  1 the following hold:
(1) the distance of end(xki ) from Uk is less than εk .
Put
y = (x11,x21, . . . ,xk0,x12,x22, . . . ,xk0 , . . . ,x1i ,x2i , . . . ,xk0, . . .).1 2 i
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Fig. 4. Glue Lemma 3.
In order to prove that M ∈ WX (and even M ∈ HWX) it suffices to realize that in the case (ii) either k < k0 and
k′ = k + 1 or k = k0 and k′ = 1. By (1) and the definition of εk we have that a ∈ Uk . Moreover, b = xk′ = fy(a) by
(1) and the fact that fxk′ (Uk′) = xk′ . 
Lemma 19 (Glue Lemma 3). Let X be a compactum and let (Pk)∞k=1 be a sequence of disjoint nowhere dense setsfrom HWX converging to a point p /∈⋃k Pk . Then
M = {p} ∪
∞⋃
k=0
Pk ∈ HWX,p.
Note that comparing to Lemma 15 we do not require that Pk+1 	 Pk for every k. On the other hand we require that
Pk ∈ HWX for every k.
Proof. The proof of this lemma is analogous to the proof of Glue Lemma 2. The only differences are the following:
we have to choose xk (k ∈K= N) such that it satisfies (4.2), we define y by
y = (x11,x21,x12,x31,x22,x13, . . . ,xi1,xi−12 , . . . ,x1i , . . .)
and, finally, we have to consider also the case (iii) (in which immediately a = b = p). This way we obtain that
fy(U1) = fy(p) = p and fy(Uk+1) = xk for every k  1. 
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Let D be a connected nowhere dense closed subset of X disjoint from every Pk and such that dist(Pk,D) → 0 for
k → 0. Assume finally that N can be split into N unionsqN1 unionsq · · · unionsqNm such that
(i) Pk ∈ HWX for every k ∈ N ,
(ii) every Nn = {kn,1, kn,2, kn,3, . . .} is infinite and Pkn,1 ≺ Pkn,2 ≺ Pkn,3 ≺ · · · .
Then
M = D ∪
∞⋃
k=1
Pk ∈ HWX.
Proof. Assume now that m = 0, i.e., Pk ∈ HWX for every k ∈ N. First we decompose the sequence P = (Pk)k into
countably many subsequences Rl = (Rl,k)k (l ∈ L) such that for every l ∈ L the sequence Rl converges to xl ∈ D
and such that the sets Rl =⋃k Rl,k ∪ {xl} (l ∈ L) form a null system.
Denote by ∂D the boundary of D in M ; i.e., ∂D is the intersection of D with the closure of
⋃
k Pk . For
every k let xk ∈ ∂D be such that dist(xk,Pk) = dist(∂D,Pk). From the assumptions we immediately obtain that
εk := dist(xk,Pk) + diam(Pk) → 0. Let R1 = (R1,k)k be a subsequence of (Pk)k such that R1,1 = P1, every R1,k is
contained in the closed 2ε1-neighborhood of x1 and R1,k → {x1} for k → ∞.
If R1 contains every but finitely many members of P , insert these members into the beginning of R1 and put
L= {1}. Otherwise let k2 be the first k such that Pk is not a member ofR1. As before take a subsequenceR2 = (R2,k)k
of P disjoint from R1 such that R2,1 = Pk2 , every R2,k is contained in the closed 2εk2 -neighborhood of xk2 and
R2,k → {xk2} for k → ∞.
Again if only finitely many sets Pk do not belong neither toR1 nor toR2, we insert them into the beginning ofR2
and we put L = {1, k2}. Otherwise we continue this procedure and either we stop after finite number of steps (with
L= {1, k2, . . . , km}) or we continue to infinity (with L= {1, k2, k3, . . .}). In both cases we obtain a countable family
of convergent sequences Rl (l ∈ L) forming a decomposition of P . Moreover, unions of these sequences form a null
systems since εk → 0.
Now we can return to the proof of the lemma in the case when m = 0. By Glue Lemma 3 the sets Rl =⋃k Rl,k∪{xl}
belong to HWX,xl for every l ∈ L. Since they form a null system, we can use Glue Lemma 1 and we obtain that
M =⋃l Rl ∪D belongs to HWX .
The proof for m  1 is similar. We first decompose the sequences (Pkn,i )i (n = 1, . . . ,m) into countably many
convergent subsequences R′n,l = (R′n,l,k)k (l ∈ L′) such that the sets R′n,l =
⋃
k Rn,l,k ∪ {xn,l}, l ∈ Ln, form a null
system for every n = 1, . . . ,m. Then every R′n,l is in HWX,xn,l by Lemma 15.
If the set N = N \ ⋃n Nn is finite, by Glue Lemma 1 we obtain that M ′ = ⋃n,l R′n,l ∪ D belongs to HWX .
Then Glue Lemma 2 gives that M = M ′ ∪⋃
k∈N˜ Pk belongs to HWX . Otherwise N is infinite and we analogously
decompose (Pk)k∈N into countably many convergent subsequences R′′l (l ∈ L′′) and we finish the proof using Glue
Lemmas 3 and 1 as in the case m = 0. 
5. Proofs of the main results
In this section we prove the main results of this paper. Theorem 1 is divided into propositions dealing with special
cases: Propositions 21 and 22 deal with sets having finitely many components, Proposition 23 deals with sets having
uncountably many components and finally Propositions 24 and 25 deal with sets having ℵ0 components. Finally we
prove Theorem 3.
Proposition 21. Let X be a hlc compactum and let M be a nonempty closed subset of X with finitely many components.
Then the following are equivalent:
(a) M admits a transitive system;
(b) M ∈ WX;
(c) M is either a finite set or a finite union of nondegenerate subcontinua of X.
Moreover, (a) implies (b) and (b) implies (c) in arbitrary compactum X.
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(b) ⇒ (c) Let f ∈ C˜(X) and let M ∈ ωf have finitely many—say k—components. Every component is clopen
in M , so by Lemma 5(a), (c) every component is mapped by f onto another component and no union of at most k− 1
components is f -invariant. Hence f permutes the components. If one of the components is degenerate, everyone,
being an image of the degenerate one under some iteration of f , is degenerate; so M is finite. Otherwise M is a finite
union of nondegenerate subcontinua of X.
(c) ⇒ (a) If M is a finite set then M admits even a minimal system—a periodic orbit. If M is a finite union of
nondegenerate subcontinua of X we can write it as a finite union of disjoint nondegenerate Peano subcontinua (in
fact, union of two subcontinua with nonempty intersection is a subcontinuum; since X is hlc every subcontinuum of
X is a Peano continuum). Since X is hlc it is one-dimensional and it can be embedded in R3. By [9, Theorem 2] M
admits a transitive system. 
The following proposition is a straightforward generalization of [11, Theorem 9] (see also [19, Proposition B]). In
fact, the proof from [11] works also in this more general case.
Proposition 22. (See [11].) Let X be a locally connected compactum and let M ∈ WX have nonempty interior. Then
M has finitely many components. Consequently, M is either a finite set or a finite union of nondegenerate subcontinua
of X.
Proof. Since X is locally connected and M has nonempty interior, M has a component C with nonempty interior.
Since M ∈ WX we have M = ωf (x0) for some selfmap f of M and some x0 ∈ C. There is k > 0 with f k(x0) ∈ C
due to the fact that the orbit of x0 is dense in M . So M = ωf (x0) ⊆⋃k−1n=0 f nC and hence M has at most k compo-
nents. 
Proposition 23. Let X be a hlc compactum and let M be a nowhere dense closed subset of X with uncountably many
components. Then M ∈ HWX .
Proof. The components of M form a null system (Lemma 4), hence uncountably many of them are degenerate. Since
the union Mdeg of all degenerate components is a Borel set (namely it is a Gδ-set), we can find a Cantor subset
of Mdeg. Hence there is a point p ∈ Mdeg which is accumulated point of Mdeg, i.e., every neighborhood of p contains
uncountably many degenerate components.
Decompose M \ {p} into disjoint clopen subsets P1,P2, . . . converging to p in such a way that every Pk has
uncountably many components. (This can be done as follows: Let π :M → (M/DM) be the natural projection from
M onto the space M/DM obtained from M by collapsing the components into points. Take a nested sequence (Vn)n1
of clopen subsets of M/DM forming a local base at πp and such that V1 = M/DM . By the choice of p we can find
a subsequence (Vnk )k1 with n1 = 1 such that every Vnk \ Vnk+1 is uncountable. Put Pk = π−1(Vnk \ Vnk+1).) Then
Pk ≺ Pk+1 for any k by Lemma 7. Since Pk → {p} to finish the proof it is sufficient to apply Lemma 15. 
Proposition 24. Let X be a compactum and let M ∈ WX have ℵ0 components. Then either every isolated component
of M is degenerate or M has infinitely many nondegenerate components.
Proof. In fact we prove even more: For any M ∈ WX with infinitely many components and for any isolated component
D of M there is a sequence UD = (Ui)∞i=0 of disjoint nonempty clopen subsets of M starting with D (i.e., U0 = D)
such that U0 ≺ U1 ≺ U2 ≺ · · · . It is evident that this immediately implies the assertion of the lemma (in fact, if U0 = D
is nondegenerate, every Ui contains a nondegenerate component).
Let M ∈ WX have infinitely many components. Take g ∈ C˜(X) such that M ∈ ωg and put f = g|M . Let D be
an isolated component of M and put Ui = f−i (D) for every i  0. Since every Ui is nonempty clopen and f maps
surjectively Ui+1 onto Ui for every i, to finish the proof it is sufficient to show that the sets Ui (i  0) are disjoint.
Assume, on the contrary, that for some i = i′ it holds that Ui ∩ Ui′ = ∅. Then U0 ∩ U|i−i′| = ∅. Let j  1 be the
smallest integer such that U0 ∩Uj = ∅; since U0 is connected and Uj is clopen, U0 ⊆ Uj . Put U = U1 ∪U2 ∪· · ·∪Uj .
This is a nonempty clopen subset of M . If U = M then Lemma 5 gives that f (U) is not a subset of U , i.e.,
U0 ∪U1 ∪ · · · ∪Uj−1 ⊆ U1 ∪U2 ∪ · · · ∪Uj .
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M = U1 ∪U2 ∪ · · · ∪Uj .
Let x ∈ M be such that f (x) ∈ Uj . If x ∈ Ui for some 1 < i  j then f (x) ∈ Ui−1 (since Ui = f−1(Ui−1)). So Ui−1 ∩
Uj = ∅, which contradicts the choice of j . Thus f−1(Uj ) ⊆ U1 and since f (U1) = U0 ⊆ Uj , we have f−1(Uj ) = U1.
So U0 = f (U1) = Uj . Hence every Ui (1  i  j ) is connected and M has only finitely many components, which
contradicts the fact that M has infinitely many components. 
Proposition 25. Let X be a hlc compactum and let M be a nowhere dense subset of X with ℵ0 components such
that either every isolated component of M is degenerate or M has infinitely many nondegenerate components. Then
M ∈ HWX .
Proof. We will prove this proposition using transfinite induction through the component depth of M . Since M has
infinitely many components its component depth απM is at least 1. Assume first that α
π
M = 1 and that KerπM containsjust one component D. Enumerate all components of M other than D into the sequence (Pk)k . Every Pk is clopen
since D is the only nonisolated component of M .
Note that by Lemma 8 we have that Pk ≺ Pk′ for every two nondegenerate Pk , Pk′ . Moreover, this trivially holds
also if Pk is degenerate. Using the assumptions on M we have that just one of the following possibilities occurs:
(1) every Pk is degenerate:
here put m = 1, N = ∅, N1 = N;
(2) there are infinitely many degenerate Pk’s as well as infinitely many nondegenerate ones:
here put m = 2, N = ∅, N1 = {k: Pk is degenerate}, N2 = {k: Pk is nondegenerate};
(3) there are only finitely many degenerate Pk’s:
here put m = 1, N = ∅, N1 = N.
In every possibility Corollary 20 gives that M ∈ HWX .
If απM = 1 and KerπM contains r  2 components D1, . . . ,Dr , we can decompose M into r clopen subsets
M1, . . . ,Mr in such a way that Di is the only nonisolated component of Mi . By the previous case every Mi belongs
to HWX . Hence by Glue Lemma 2 M ∈ HWX .
Assume now that απM = α  2 and that the assertion of the proposition is true for every set M ′ satisfying the
assumptions of the proposition with component depth smaller than α. The case when component kernel of M contains
more than one component can be reduced to the case when M has connected component kernel in the same way as in
the case απM = 1. So we may assume that KerπM = D is a component of M .
Decompose M \D into nonempty disjoint clopen subsets Pk (k ∈ N) with ℵ0 components such that diam(Pk) → 0
and dist(Pk,D) → 0 for k → ∞. (Note that component depth of every Pk is strictly smaller than α.) Now we distin-
guish three cases:
(1) If M has no isolated nondegenerate component, then every Pk has no isolated nondegenerate component and
by the induction hypothesis every Pk belongs to HWX . Now Corollary 20 (m = 0) gives M ∈ HWX .
(2) Let M have at least one but only finitely many isolated nondegenerate components. By gluing some of the
first Pk’s we may assume that every isolated nondegenerate component is contained in P1. If there is Pk containing
infinitely many nondegenerate components, glue this set with P1. Then P1 has infinitely many nondegenerate compo-
nents and every other Pk has no isolated degenerate component, hence again M ∈ HWX using induction hypothesis
and Corollary 20 (m = 0). Otherwise every Pk has only finitely many nondegenerate components. By splitting every
Pk into finitely many clopen subsets we can achieve that every Pk satisfies one of the following conditions:
• Pk is infinite countable;
• Pk is connected;
• Pk satisfies (3.1).
Let Pk1,Pk2 , . . . ,Pkr be all connected Pk’s (i.e., all isolated nondegenerate components of M). Since by the assump-
tions for infinitely many k’s Pk satisfies (3.1), by Lemma 9 we can find a sequence kr+1 < kr+2 < · · · such that
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nondecreasing sequence. Let Dk denote the only nondegenerate component of Pk . In the second step take a subse-
quence of this sequence such that the boundaries ∂Dk of Dk’s are either all uncountable or they are all countable and
the depths α∂Dk form a nondecreasing sequence. And finally take a subsequence such that even the numbers of com-
ponents in the kernels of ∂Dk’s form a nondecreasing sequence.) Since trivially Pk1 ≺ Pk2 ≺ · · · ≺ Pkr ≺ Pkr+1 and
since every Pk (k = kn for every n) is in HWX by induction hypothesis, we obtain that M ∈ HWX by Corollary 20
(m = 1, N1 = {k1, k2, . . .}).
(3) Finally let M have infinitely many isolated nondegenerate components. By splitting every Pk into finitely many
clopen subsets we can achieve that every Pk satisfies at least one of the following conditions:
• Pk is an isolated nondegenerate component;
• Pk has infinitely many nondegenerate components;
• Pk has infinitely many components none of which is isolated nondegenerate.
Moreover, we can achieve also that the first case occurs for infinitely many k’s, which we denote by k1 < k2 < · · · .
Then Pk1 ≺ Pk2 ≺ · · · and every other Pk belongs to HWX by induction hypothesis. Hence Corollary 20 (m = 1,
N1 = {k1, k2, . . .}) gives that M ∈ HWX . 
Proof of Theorem 1. Combining Propositions 21, 22, 23, 24 and 25 we immediately obtain a characterization of sets
M ∈ WX for any hlc compactum X. If moreover X is connected we have ωX = WX by Proposition 11. 
Proof of Theorem 3. (a) is equivalent to (b) by Proposition 11.
To prove that (b) implies (c) we have to show that any nonempty closed set M admitting a transitive system satisfies
one of the three conditions from Theorem 3(c). If M has finitely many components then by Proposition 21 it is either a
finite set or a finite union of nondegenerate subcontinua of X. If M has infinitely many components by Proposition 22
M is nowhere dense. Let f be a transitive system on it. Since f maps every component into a component, f induces
a factor map fπ on πM . This map fπ being a factor of a transitive map is transitive and πM is infinite, so πM is
perfect. Hence M has uncountably many components. From Proposition 22 we obtain that every component D of
M is nowhere dense in M (see also [19, Theorem 1]). By Lemma 4 M has at most countably many nondegenerate
components, so their union is of first category in M . Hence the union of degenerate components is dense in M and
none of degenerate components is isolated. Thus M is a cantoroid.
On the other hand if M is either a finite set or a finite union of nondegenerate subcontinua of X then M admits
a transitive system by Proposition 21. And if M ⊆ X is a cantoroid then M admits even a minimal system by [10].
Hence (c) implies (b). 
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